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P. S. Since the writing of the above, I have been
inform’d, that, in two or three houfes, finging
birds, which were at the time roofting in their
cages, were thrown off their perches by the fud-
dennefs of the fhock.

LXXVI. An Invefligation of fome Theorems
which fuggeft fome remarkable Properties
of the Circle, and are of Ule in refolving
Frattions, whofe Denominators are certain

Multinomials, into more fimple ones. By
Myr. John Landen,

Read May z, HAT the principal theorems, be-

1754 low inveftigated, will be of cone
fiderable ufe in the doCtrine of fluxions, by render-
ing, in many cafes, the bufinefs of computing fAuents
more eafy, will, on perufal, be obvious to every one
acquainted with that branch of fcience. ‘Therefore,
as the facilitating computations in that do@rine (which
affords us wonderful affiftance in many phyfical en-
quiries) may be a means of extending our knowlege
in philofophy; it is prefum’d, that this paper will
not be thought unworthy the notice of the Royal
Society.

I
Suppofin "% = J , where % and 5 de-
pp g\/x"—-—l Vi where % and yde
note the fluxions of the variable quantities » and y

1€~
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refpe@ively, and 7 an invariable quantity ; it is pro-
posd to find, intermsof y and z, the equation of
which 2 is a root, and 2> — 2 x2 4 1 =0, a di-
vifor.

~Taking the fluents of the given fluxionary equa-
tion, we have, fuppofing x = 1 when y is =1, hyp.

log.of x+V x*——i = hyp. log. of y 4 V' y*—1, or
n

x4V x*—1=y + Vy»—1: Whence, by fubfti-
2*4-1
23
2 —2x% -+ 1=o0), we have 2" =y 4 V5o
Therefore 2 —y is = V/y*—1 ; and, fquaring both
fides, 2*"— 2y 2"} y*=y* — 1. Confequently
2" — 2y %"+ 1 is = 0; which, fuppofing 7 a po-
fitive integer, is the equation fought.

Now it is obvious, 7 being fuch an integer, that
this equation will have as many trinomial divifors, of
the form 2* — 2 x 2 4 ¥, as there are values of x cor-
refponding to a given value of y : Which values of «,
when y is not greater than 1, nor lefs than — 1 (the
only cafe I purpofe to confider), will not be readily

n

tuting for x its value (found by the equation

obtain’d from the equation x4 v/ 1=y -V y—p
found above: But, if we multiply the given fluxion~

ary equation by ——— I, we get il
=1 Vi—x* Vi—y"
of which the equation of the fluents is # x circ. arc
rad. 1. cofine ¥ = circ. arc rad. 1. cofine y; where x
is = 1 when y is== 1, agrecable to the fuppofition we
_ made
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made above when we took the fluents of the given
fluxionary equation by logarithms, Therefore if 4
be put for the leaft arc whofe cofine is y, and C for the
whole circumference, radius being 1 ; y being the co-
fineof 4, A+C, A+ 2C, 44 3 C, &c. x will

é)A+C;A+2C)&Ct- . . .
z n :

AL+ n—i1xC
fo + p .

Confequently, exprefling the laft-mention’d co-

fines, or the feveral values of x, by p, ¢, 7, s, &c.
2t — 2y f1willbe=22—12 pz 4 1x
22— 2¢ B4 1% 2> — 27 34 1, &c. (#), when 7
is a pofitive integer (as we fhall always fuppofe it to -
be), let = be what it will. ‘
" Hence may be eafily deduc’d a 'demonftration of
that remarkable property of the circle fift difcover’d
by Mr. Cotes : But as that property has already been
demontftrated by feveral mathematicians, I fhall omit
taking any farther notice of it, and proceed in the in-
veftigation of fome other ufeful theorems which I do
not find have ever yet been publifh’d,

1L
If y be = 1; then, 4 being = 0; p, ¢, 7, &c.

will be thé cofines of s, g, 3’-29, %Z_C_', &ec. (n) refp_é&-

be the cofine of

iirely: Therefore p will be = 1; and, if z bean even
number, one of the cofines ¢, 7, §, &c. willbe =1,

one of the arcs -q, 3—9, 3__@; &c. being then = g
7 n’n 2
111,
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II1.
Ifybe—=—1; then,Abeing:C_;; 997 s &c

will be the cofines of <, 3€, 5€ &c. (n) refpoa-
2an a2n 2n

ively: Therefore, if » be an odd number, one of

thofe arcs will be g, whofe cofine is — 1.

IV.
If in the equations 2" — 2y 2"+ 1 =0, and
2* — 2 x % + I =0, we fubftitute v—1 for %, they

27 R [RE——
become v—1 —~ 2 yXxV—1 4 1 =0, and v— 1
—_—2XXV—I S I=Ve=242xxX04+ 24 2x=0.
Confequently

2 N1

g, ... Fanx

Ve 271041
v*+aynvy 2y =

+1

v =—24-2pxv+ 24 sz'v’—-z-{—z'g’xv—l-z—l-qu
¥ e—242rxv+2+4 27x&c (7); where, of
the two figns prefix’d to the terms where y is a factor,
the upper or lower takes place, according as 7 is an
even or an edd number. . Whence, by the nature of
equations, it follows, that 2 -2 px2 42 gx2 4 27,
&c. is=2 F 2. But this equation vanithing when
yis = 1 and # an even number, or when y Is=— 1

' 4C and

e o 0. F2ymx

n—i
2
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and 7 an odd number, it will be proper to confider
thofe two cafes more particularly.

V.

Firft, Let us fuppofe y = 1, and 7 an even number:
Then p being = 1, and one of the other cofines ¢, r,
5, &c. = —1 (Art.1L); we fhall have
PPz nv 4. . . F2VP=a24 00X
Ve gV -+ 4 XV —2 F2¢gxVt 24 24x
v* — 2+ 21 x V42427, &c. Thereforedividing
by 22, .
P2 py34 ., . +n’=*‘u’—-—-4fu+4x
,vz___;—..’_;éxv—{— 242 ngz—;i-_;;xv—F 2427,
&c. that fadGtor in which the value of the cofine ¢, or
r, &c. is — 1, being expung'd. ~

Confequently 72 is=4x2 4+ 2gx242rxe 423,
&c. when the fattor, whofe value is nothing, is ex-
pung’d.

VI

Let us now {fuppofe y =— 1, and # an odd num-
ber: Then one of the cofines p, ¢, 7, &c. being
=—1 (Art.1IL.),

Pr—2pv=t ., . Fr2v*willbe=1240o
XV*—2 4 2pxv+ 2+2px'v’-~z+2gxm+z+2g,
&c. Therefore, dividing by v2,

V" —2nv" 34 . . . . .+ n will be =
Va2 -+ 2 pxv4242px02—24-2¢x0+ 2424
&c. andconfequently 7> =2 4 2px2+2g%x2+427,

&ec. when the faGor, whofe value is nothing, is ex-
pung'd. : VIL

3
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VIIL
Subftituting in the equations 2** —2y2*-- 1 =0,

a » .
and2*—2x2-4+1=0, - inftead of =, we have
—
128 . D e 1

a+ow a+w

+1

[ a——w

—_—am n ” 21
a""‘w —ZyXﬂ"l‘de——-a) +a—w

an

— =0, and

(7 W)
2

a+t a a @
| —2 XX +
a — w a —

41

2 3
d+w—ZXXﬂ+an~7+a_w

2

E—

a—w
— X
Y T a*
- =o0. Confequently
2
a—w

n 7 2 2n

a+w —2y%xa+w xa—w Fa—w will be =

2+2pxz—i—2qx2+zr,&c.x@ :;ﬁaz
2 I_r
X w +I+r &C

But,byArt.IV.2 2 px2 4 2¢9x 2 + 2 7, &e.
is =2 - 2 y, the upper or lower of the two figns
4C 2 prefix’d
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prefix'd to y taking place according as # is an even or
an odd namber.

Therefore s+ -—2yxa-[-w"xa—-wu+a_wﬁ i
1—p 1 1—r
X w® — Xyt g 2 e
2 2y%xe*+ el +1+ga X+ T2 a2,
&e.
Now p being the cofine of any number of degrees,

4

1— .
i i —L 4* will be the {c -
radius being 1, - +Pa will be the {quare of the tan

gent of half fo many degrees, radius being a: There-
fore, denoting that tangent by 4; and the tangents
of half the arcs defcrib’d with the radius 2, whofe
cofines, when the radius is 1, are ¢, r, s, &c.
being denoted by ¢, d, ¢, &c. refpectively ; we have
ato —z29%8twxa—ow +a—w =2F2yx
w® + 6* x;T-}—czxwz ~+d2,&c. Butwhenyis=1,
and 7 an even number; or y ==—1, and # an odd
number; 2 F 2 y being = o0 ; nothing can be deter-
min’d from that equation: Wherefore, in thofe
cafes, recourfe muft be had to what is done above.

VIIL
Let us fuppofe y =1, and 7 an even number :

27 n n

Then the equatione—4w — 2 yx a4 xa —w

n

+os—w=2F2px24+2g9x2+2r, &c.

I—p 2 1=q . 2 I—=r
xm'+-1-:t_}-a°><w +———~I+ga X w +I+’_a,&c.~

becomes
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S n
becomesa+w = 2 X 24w X@8—0 +a—n =4

xz+zgxz+zr,&c.m’xm=+-:l_— =+I.._F; as,

&ec. p being = 1 (Are. 11.) and - -_{-_7 ? 42 (=6% = o.
Moreover, one of the other caofines ¢, 7, 5, &c. being

= — 1 (Art.IL.), fome one of the factors 2 4- 2 ¢,
2427, 2425 &c. will vanith: Which faor

being expung’d from the produdt 4x 2+ 2gx 2 27,
, . 1—
&c. and reftor’'d to the divifor «* -~ -I--_-,_—-g a%, or

w* 4 -:-j_i:—: a*, &c. from which it was taken, that di-

vifor will become 4.4%; and the produ@t 4x 2 + 2 ¢
x 2+ 27, &, will then (by Are. V.) be = u%

Confequendya+w —_—2 xa+w X @ e 0 —{— pa— .
will be = 7% X w* X 4 a* x a® 4 ¢* X o* | 4%, &c.
where the faor 4.4* takes place infiead of o* - {q.
of the tang. of 90°.

I y be = 1, and # an odd number, p willbe = 1,
and 4 = 0; but no one of the cofines g, r, 5, &c.
will be = — 1, as when 7 isan even number. There-

fore, in this cafe, the equationg + o =2 y x.2 + @
xa—-—w+a—w z+zyxwz+b”xw’+c’

becomes a+w —-zxa+w X a—w +d-—w =
4 % w* % o® = ¢* X o* T 47, &c.

IX.
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IX.

21 "
By taking the fquare root of ¢ ~+ w — 2 x 2w

82 2%
X@— -+ a—w, and of its two values juft now found,
-——-—-" Ld
we have, when 7 isan even number, 4o — a—o
=28n0%x Ve T xVo*+ &2, & 2 a taking

place inftead of V' &* =+ {q. of the tang. of 90"

n n

And, when 7 is an odd number, 2 4 & — g—
=20xV o+ *xVe* 4 d* &. Whencethe

following conftruction is inferr’d.

X

Defcribe about the centre C (Plate XX. fg. 1. and
2.), with the radius 4, the circle P 4' 4" 4", &c. ;
draw the diameter P C &, and the tangent B” P B*;
divide the femicircumference P A4' Q into as many
equal parts P A, A A", 4" A", &c. as there are
units in the integer #; draw the fecants C 4' B/,
C A" B', &c. and, taking on C & any point O, draw
K" O K’ parallel to B” P B* ; likewife draw B' K,
B" K", B" K", &c. parallel to P Q ; and call CO, .

Then will g be the cofine of twice the angle
P A, rthe cofine of twice P C A", s the cofine of
twice P C A", &ec. if the radius be 1.

Therefore P B' =0 K' willbe=¢, P B" =0 K"

= d, &c. andC K'= Vw’-,:;T, CK'= V@"*}— d",
&c, Confequently O P'— O Q" being =4+ w
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—r—mand 2x P Q x COx C K xCK", &c. =
2an0%x Vot c*xVo* + d2, &c. when 7 is an

even number; O P" — O Q" will then be = n x P
xCOxCK xCK’, &c. where the diameter P §

takes place inftead of the infinite quantity C K.

But if # be an odd number, O P*—0 " will be
=2xCO0xCK xCK'xCK", &c,

XI.

It is evident that, of the factors C K, CK", C K",
&ec. the firftand laft, thefecond and laft but one, &,
are refpectively equal to each other. Therefore,
omitting the {quares of the factors below P and
the {quares of their values,

OP"—0R is=nxPQxCOxCK*xCK"x
CK", &c. and a2 + w”——d-—-w =2d4dNwX w4 c?
X w* 4 d*, &c. when 7z is an even number; or

OFP —0Q is=2xC0O0xCK*xCK"xCK",

— 2 2 2
&c.anda 4w —a—w =2 o X 4 > X o* 4 ¢7,
&c. when 7 is an odd number.

XIL

If we fuppofe y = — 1, and 7 an odd number, it
will appear, by proceeding much in the fame manner

asin Art. VIIL. thate 4-w 42 x4+ xa—ow -~
m
B0 is:ntx*azxwz+b2xw2+62xwz+d;’
&c.
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%ic. where the faGor 4 4* takes place inftead of o*
- 1q. of the tang. of 90°.

If y be =— 1, and # an even number, & +w"+
2XaTw X80 Fa—u 1S=4%*1 0*xw*4c?%
&c.

Whence, by extracting the fquare root of both
fides of thofe equations, we have, when # is an odd

number, 4 + +a—wn=zanx\/w‘+_7=x
Vo F ¢*, &c. 2 a taking place inftead of
vV & +1q. of the tang. of 90°: And, whenz is an

n ”
even number, ¢+ o +2—w =2 x Vo F 6 x
v o+, & Hence we infer this conftruion.

X111,

Having defcrib'd about the centre C ( /ig. 3. and
4.), with the radius 2, the circle Pd' 42" A", &c.
draw the diameter P C Q, and the tangent 4" P 4*;
divide the femicircumference Pa'Q, into as many
equal parts P a,a A, Aa", &c. as there are units in
275 draw the fecants C @' &', C a"b', &c. and, thro’
any point (0) in €L, draw £ O ¥ parallel to 4" P 4*;
likewife draw &' %, 6" %', &c. parallel to PQ ; and
call CO, w.

Then, if the radius be 1, » will be the cofine of
twice the angfe P C 4, ¢ the cofine of twice P C &,
&c. therefore P4 = Ok willbe =4, P4' =0k

—c, &c mdCE=Vu T b CH' =V,

§cc.
Con-
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Confequently O P+ 0 9" being =79 ~+a—n
and n x PQx CZ x C¥', &c, = gan x sz
x ¥ w4 ¢, &c. when # is an odd number ; O P"~f
O Q' will thenbe=nx P @ x C¥ xC#", &c. where
the diameter P & takes place inftead of the infinite

71

quantity C .
But if # be an even number, O P* 4 0 9" will be
=2xCk xCk', &c.

XIV.

It is obvious that, of the fators C %', C%’, &c. the
firft and laft, the fecond and laft but one, &c. are re-
fpectively equal to each other: Therefore the fquares
of the fa@ors below P &, and the fquares of their
values, being omitted,

OP' 402 is=nxPQxCk*xCk"™ &c. and
gt o+ a—w =2an% * 156 xa* 42, &,
when # is an odd number; or

OP +0Qis = 2xC#* x C¥*, &c. and

7 2 y
a+w +a—w =2sz+b‘xwz+€‘,&c. When
7 is an even number.

XV,

—ﬁ—m

Writing in the equation ¢4w ~—2yxa2+w X

2:-—;'+a—-w”= 2F 2y xa* 6% x o - %, &c.
4D found
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(found by Art. VIL) @ —u for »», the fame becomes

24— u —2yu xza.-_:.z-;—l-t! =2'_-Fzyx
w —2au 4 a* + b* x y* — 2au + a*+ % &c.
=2 L 2)YXU— 24U} (PXUP— 24U+ 9> X
ur— 2a U 4 4%, &c. if inftead of Va*+ ¢2
Va* + ¢ &c. (the fecants of the ares of which
b, c, d, &c. are tangents), we put B, 9, &, &c.

And, by a like fubftitution in the equations in
Art. X1. and XIV. it appears, that

-
28— U — U IS=24WXA—UXU* — 248U+ 9
Xu*=—2au+4*&c.or2 X a—u % u*—2au-+49*
xu* —2 au + 4%, &c. according as 7 is an even of

an odd number: And that'mu -+ “is=zan
Xwr—2au-+p*xn*—2au -+ 4% &c. or
2XW—2au+ B*xu* —2au 4% &c, accord-
ing as 7 is an'odd or an even number.

From what is done above, I might now deduce
many corollaries; and, by means of other fubftitu-
tions, inveftigate other theorems ; but want of leifure
obliges me to defift.

LXXVIIL 4»
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